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A twisted link is a generalization of a virtual link, which is related to a link diagram
on a closed, possibly non-orientable surface. In this paper we generalize the Miyazawa
polynomial invariant of a virtual link to an invariant of a twisted link in two formulae one
of which is introduced by A. Ishii and the other by the author.
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1. Introduction
Virtual knot theory is a generalization of knot theory which is based on Gauss chord diagrams and link diagrams on
closed oriented surfaces [6]. Virtual links correspond to stable equivalence classes of links in oriented 3-manifolds which
are line bundles over closed oriented surfaces [5,2]. M.O. Bourgoin extended it to twisted knot theory, which is focused on
link diagrams on closed, possibly non-orientable surfaces. Twisted links correspond to stable equivalence classes of links in
oriented 3-manifolds which are line bundles over closed possibly non-orientable surfaces [1]. Virtual links are regarded as
twisted links.
A virtual link diagram is a link diagram which may have virtual crossings, which are encircled crossings without over-
under information. A twisted link diagram is a virtual link diagram which may have some 2-valent vertices. Two examples of
twisted link diagrams are depicted in Fig. 1. (In [1], a twisted link diagram is deﬁned to be a virtual link diagram possibly
with some bars.)
A virtual link is an equivalence class of a virtual link diagram by Reidemeister moves and virtual Reidemeister moves in
Fig. 2. A twisted link is an equivalence class of a twisted link diagram by Reidemeister moves, virtual Reidemeister moves
and twisted moves in Fig. 2.
The Miyazawa polynomial is a 2-variable polynomial invariant of a virtual link [7]. The author introduced a 2-variable
polynomial invariant of a virtual link, which turns out to be the Miyazawa polynomial [4]. On the other hand, A. Ishii also
deﬁned a polynomial invariant of a virtual link, which turns out to be the Miyazawa polynomial [3]. Thus the Miyazawa
polynomial are deﬁned in three different ways. It seems diﬃcult to extend the original deﬁnition of Miyazawa polynomial
of a virtual link to an invariant of a twisted link. In this paper, we extend the polynomial invariants deﬁned by Ishii and the
author to invariants of twisted links, and show that they coincides with each other. Our invariants are 3-variable polynomial
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Fig. 2.
invariants of twisted links. We also show that there exist a pair of twisted links which are not distinguished by twisted
Jones polynomials of Bourgoin [1], but they are distinguished by our invariants (Example 1).
2. Deﬁnitions and results
A pole diagram is a twisted link diagram which may have some poles on its edges as depicted in Fig. 3. See Fig. 4 for an
example of a pole diagram.
Fig. 3. Fig. 4.
222 N. Kamada / Topology and its Applications 157 (2010) 220–227The local operations at a real crossing of a twisted link diagram in Fig. 5 are called A-splice or B-splice. A state of a
twisted link diagram D is a pole diagram obtained from D by applying A-splice or B-splice at each real crossing of D . Note
that a state has no real crossings.
Fig. 5.
Let  be a loop of a state of D . We deﬁne an index, denoted by ι() ∈ Z as follows, where we ignore orientaions of all
edges of .
1. ι(
r pairs
) = r, where the dashed line may have some virtual crossings and some vertices.
2. ι( ) = ι( )
3. ι( ) = ι( )
4. ι( ) = ι( )
Note that ι() = 0 if the number of vertices on  is odd by (3).
For a twisted link diagram D , let S be a state of D and ω(D) be a writhe of D . We denote the number of A-splices
minus that of B-splices used to obtain S from D by S . The number of loops of S which have even (or odd, resp.) number
of vertices on them are indicated by e(S) (or o(S), resp.). We deﬁne 〈〈D〉〉Y by
〈〈D〉〉Y =
∑
S
A(S)
(−A2 − A−2)e(S)Mo(S)∏
∈S
tι() + t−ι()
2
∈ Q[A, A−1,M, t, t−1],
where S runs over all states of D , and  does over all loops of each state S . We put YD(A,M, t) = (−A3)−ω(D)〈〈D〉〉Y .
Theorem 1. The polynomial YD(A,M, t) is an invariant of the equivalence class of a twisted link diagram.
Let D be a twisted link diagram, S a state of D and  a loop of S . We call a connected component of  \ {poles and
vertices} a p-edge of  or of S . A weight map σ of S is a map from the set of p-edges of S to {+1,−1} such that σ(e) =
(−1)κ()−1σ(e′) if e and e′ are adjacent p-edges on a loop  of S , where κ() is the number of vertices on . (Note that,
since S is a state, the number of poles on  is always even, cf., Lemma 6.)
A pair of poles which originate from the same real crossing of D by a splice is called a c-pair of S . Suppose that e and
e′ are the p-edges depicted in Fig. 6 about a c-pair c. The sign of c-pair c with respect to a weight map σ is deﬁned by
	(c, σ ) = (σ (e) − σ(e′))/2.
Fig. 6.
The v-index, ωv(S, σ ), of a state S with respect to a weight map σ is the sum of signs 	(c, σ ) of all c-pairs. For
examples, v-index of the state in Fig. 7 is 0.
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For a twisted diagram D , we deﬁne 〈〈D〉〉X by
〈〈D〉〉X =
∑
(S,σ )
AS
(−A2 − A−2
2
)e(S)(M
2
)o(S)
tω
v (S,σ ) ∈ Q[A, A−1,M, t, t−1],
where (S, σ ) runs over all pairs of state S and weight maps σ , and deﬁne XD(A,M, t) to be (−A3)−ω(D)〈〈D〉〉X .
Theorem 2. Let D be a twisted link diagram. Then XD(A,M, t) = YD(A,M, t). In particular, the polynomial XD(A,M, t) is an invari-
ant of the equivalence class of a twisted link diagram.
By the deﬁnition of XD(A,M, t) or YD(A,M, t), we have the following.
Proposition 3. Let L be a twisted link, represented by a diagram D. The real crossing number of L is equal to or greater than the
maximal degree on t of XD(A,M, t) (= YD(A,M, t)).
By substituting 1 for t , XD(A,M, t) (or YD(A,M, t)) turns into the twisted Jones polynomial deﬁned by Bourgoin in [1].
Example 1. The twisted Jones polynomials of two twisted links presented by the diagrams in Fig. 1(i) and (ii) are A−6(−A2−
A−2)(A2 + 1 − A−4). On the other hand, our invariants of them are A−6(−A2 − A−2)(A2 + (1 − A−4)(t + t−1)2−1) and
A−6(−A2 − A−2)(A2 +1− A−4), respectively. (They are also distinguished by the twisted link groups [1], which are the free
product of their upper and lower groups.)
3. Proofs of Theorems 1 and 2
For a twisted link diagram D , the twisted link diagram obtained from D by replacing all positive (or negative, resp.)
crossings with negative (or positive, resp.) crossings is said to be the mirror image of D . The following lemmas are immedi-
ately obtained from the deﬁnitions.
Lemma 4. Let D∗ be the mirror image of a twisted link diagram D. Then we have YD(A,M, t) = YD∗ (A−1,M, t) and XD(A,M, t) =
XD∗(A−1,M, t).
Lemma 5. Let D ′ be the disjoint union of twisted link diagram D and a loop . If  has an even number of vertices and no poles, then
〈〈D ′〉〉Y = (−A2 − A−2)〈〈D〉〉Y .
Proof of Theorem 1. Let D and D ′ be twisted link diagrams. If D and D ′ are related by a virtual Reidemeister move of
types I, II or of type III or a twisted move of type I or of type II in Fig. 2, then it is obvious that YD(A,M, t) = YD ′ (A,M, t).
Suppose that D and D ′ are related by a Reidemeister move of type I as in Fig. 8.
Fig. 8.
Then we have
〈〈D ′〉〉Y = A〈〈 〉〉Y + A−1〈〈 〉〉Y = −A3〈〈D〉〉Y ,
224 N. Kamada / Topology and its Applications 157 (2010) 220–227by Lemma 5 and we have YD ′ (A,M, t) = YD(A,M, t). A similar argument shows the case where orientations of D and D ′
are reversed.
Suppose that D and D ′ are related by a Reidemeister move of type II as in Fig. 9(i) or (ii).
Fig. 9.
Then we see that
〈〈D ′〉〉Y = 〈〈D〉〉Y + A2〈〈 〉〉Y + A−2〈〈 〉〉Y + 〈〈 〉〉Y = 〈〈D〉〉Y
in case (i) or
〈〈D ′〉〉Y = 〈〈 〉〉Y + A2〈〈 〉〉Y + A−2〈〈 〉〉Y + 〈〈 〉〉 = 〈〈D〉〉Y
in case (ii) by the deﬁnition of 〈〈 〉〉Y and Lemma 5. So we conclude YD(A,M, t) = YD ′(A,M, t). The other two cases where
orientations are reversed from (i) and (ii) follow these cases by Lemma 4.
Suppose that D and D ′ are related by Reidemeister move of type III in Fig. 10.
Fig. 10.
Then we see that
〈〈D〉〉Y = A3〈〈 〉〉Y + A〈〈 〉〉Y + A〈〈 〉〉Y
+ A〈〈 〉〉Y + A−1〈〈 〉〉Y + A−1〈〈 〉〉Y
+ A−1〈〈 〉〉Y + A−3〈〈 〉〉Y
and
〈〈D ′〉〉Y = A3〈〈 〉〉Y + A〈〈 〉〉Y + A〈〈 〉〉Y
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+ A−1〈〈 〉〉Y + A−3〈〈 〉〉Y .
Then we have
〈〈D〉〉 − 〈〈D ′〉〉Y = A〈〈 〉〉Y + A−1〈〈 〉〉Y + A−3〈〈 〉〉Y
− A〈〈 〉〉Y − A−1〈〈 〉〉Y − A−3〈〈 〉〉Y
= 0
by the deﬁnition of 〈〈 〉〉Y and Lemma 5. The other cases of orientations of a Reidemeister move of type III follow from this
case and Reidemeister moves of type II.
Suppose that D and D ′ are related by a virtual Reidemeister move of type IV as in Fig. 11.
Fig. 11.
Then we see that
〈〈D〉〉Y = A〈〈 〉〉Y + A−1〈〈 〉〉Y
and
〈〈D ′〉〉Y = A〈〈 〉〉Y + A−1〈〈 〉〉Y .
Then we have 〈〈D〉〉Y = 〈〈D ′〉〉Y by the deﬁnition. The other cases of a virtual Reidemeister moves of type IV follow from this
case by Lemma 4 and virtual Reidemeister moves of type II.
Suppose that D and D ′ are related by twisted move of type III as in Fig. 12.
Fig. 12.
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〈〈D〉〉Y = A〈〈 〉〉Y + A−1〈〈 〉〉Y
and
〈〈D ′〉〉Y = A〈〈 〉〉Y + A−1〈〈 〉〉Y .
Then we have 〈〈D〉〉Y = 〈〈D ′〉〉Y by the deﬁnition. The other cases of a twisted move of type IV follow from this case by
Lemma 4 and virtual Reidemeister moves of types I, III and IV. 
Let S be a state of a twisted link diagram D and σ a weight map of S . A pole p is called a positive pole or negative pole
if p is as in Fig. 13(i) or (ii), respectively, and let τ (p) be 1 or −1, respectively.
Fig. 13.
Lemma 6. Let  be a loop of a state S of a twisted link diagram D. If  has some poles, then positive poles and negative poles appear
alternatively on .
Proof. Recall that p-edges on  are oriented such that the orientations change at every pole and do not change at every
vertex. Thus the result is obvious. 
For a pole p, let ξ(p) denote the p-edge about p depicted in Fig. 13. For a c-pair c which consists of two poles p and p′
as in Fig. 6, the sign of c, 	(c, σ ) is equal to (τ (p)σ (ξ(p)) + τ (p′)σ (ξ(p′)))/2. So ωv(S, σ ) is ∑p τ (p)σ (ξ(p))/2, where in
the summation p runs over all poles in S . Then we have ωv(S, σ ) =∑∑p τ (p)σ (ξ(p))/2, where  runs over loops in S
and p runs over poles on .
The following lemma leads to Theorem 2.
Lemma 7. Let S be a state of a twisted link diagram D and σ a weight map of S. For a loop  in S, ι() =∑p τ (p)σ (ξ(p))/2 or
−∑p τ (p)σ (ξ(p))/2, where p runs over poles on .
Proof. If κ() is odd, then ι() = 0. We have ∑p τ (p)σ (ξ(p))/2 = ±∑p τ (p)/2, since σ(e) = σ(e′) for two edges e and e′
in . By Lemma 6, we have
∑
p τ (p) = 0.
Suppose that κ() is even. Let p and p′ be two poles on  which are depicted in Fig. 14(i) (or (ii), resp.) where there may
be virtual crossings or vertices on the dashed line but no poles. Then we see τ (p)σ (ξ(p)) + τ (p′)σ (ξ(p′)) = τ (p)σ (e) −
τ (p)σ (e′) (or τ (p)σ (ξ(p)) + τ (p′)σ (ξ(p′)) = τ (p)σ (e) − τ (p)σ (e′′), resp.) since τ (p′) = −τ (p).
Fig. 14.
If the number of vertices on the dashed line in Fig. 14(i) (or (ii), resp.) is odd, we see that σ(e′) = −σ(e) (or
σ(e′′) = σ(e), resp.). So we have τ (p)σ (ξ(p)) + τ (p′)σ (ξ(p′)) = 2τ (p)σ (ξ(p)) (or τ (p)σ (ξ(p)) + τ (p′)σ (ξ(p′)) = 0, resp.).
If the number of vertices on the dashed line in Fig. 14(i) (or (ii), resp.) is even, we see that σ(e′) = σ(e) (or
σ(e′′) = −σ(e), resp.). So we have τ (p)σ (ξ(p))+τ (p′)σ (ξ(p′)) = 0 (or τ (p)σ (ξ(p))+τ (p′)σ (ξ(p′)) = 2τ (p)σ (ξ(p)), resp.).
Thus we have ι() =∑p τ (p)σ (ξ(p)) or ι() = −∑p τ (p)σ (ξ(p)) by computing inductively. 
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∑
 ι˜(), where  runs over loops in S , and
ι˜() = ι() or ι˜() = −ι(). There is a weight map of S σ , we have ωv(S, σ ) =∑ ι˜(). Then we have Theorem 2. 
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